Two-point functions related to the pion weak decay constant f π are calculated from the generating functional of chiral perturbation theory in the mean-field approximation and the heavy-baryon limit. The aim is to demonstrate that Lorentz invariance is violated in the presence of background matter. This fact manifests itself in the splitting of both f π and the pion mass into uncorrelated time-and spacelike parts. We emphasize the different inmedium renormalizations of the correlation functions, show the inequivalence between the in-medium values of f π deduced from Walecka-type models, on the one hand, and QCD sum rules, on the other hand, and elaborate on the importance for some nuclear physics observables.
I. INTRODUCTION
The symmetry underlying a physical system is viewed as one of the basic guidelines in constructing the relevant dynamics. The determination of the conditions under which a symmetry is still valid is therefore a question of fundamental interest. Two-flavor chiral symmetry (χS) (combined electric charge and parity independence of strong interaction) has been suggested as the global internal symmetry of the QCD lagrangian [1] . As long as χS is assumed to be realised in the non-multiplet Nambu-Goldstone mode with pions acting as the associated Goldstone bosons, it becomes possible to expand correlation functions in powers of the light quark masses and the external pion momenta thought to be very small on the hadronic scale of Λ ∼ 1 GeV . More specifically, within the framework of this chiral perturbation theory (χPT) an effective low-energy generating functional (denoted by Z eff ) for Green's functions is developed under the assumption of chiral invariant couplings between the quark fields of the QCD action and the external sources (scalar (s), pseudoscalar (p), vector (v µ ) and axial vector (a µ )). The result is that the source-extended action is even locally chiral symmetric [2] . Similarly, nucleons (N(N )) are introduced through their locally chiral invariant couplings to the external sources, η(η), respectively [3] . As a consequence, chiral QCD-Ward identities valid on the quark level are transcribed in an unique way to the composite hadron level. In the last decade χPT advanced to an extremely powerful scheme for describing various low-energy phenomena (see Ref. [4] for a recent review).
In view of its successes the question on the applicability of χPT in bulk matter [5] and especially in the case of nuclear matter at finite densities [6] [7] [8] acquires actuality. We here investigate the in-medium pion weak decay within the framework of χPT. The paper is organized as follows. In the next section we briefly review the correlation function technique for introducing the pion weak decay coupling constant f π at zero matter density. In Sec. 3 the in-medium renormalization of the two-point functions is calculated from the generating functional of χPT in the mean-field approximation and the heavy baryon limit [9, 10] . We show that in the presence of background matter the various two-point functions related to the pion weak decay matrix element have different density dependences and therefore give rise to different definitions for the in-medium f π 's. We illustrate in Sec. 4 the implications for nuclear observables by calculating the density dependence of the induced pseudoscalar coupling constant, g p . In combining the χPT results on the in-medium pion weak decay constants with QCD sum rules we also calculate the quark condensate dependence of the amplitude of the two-body axial charge density operator. The paper ends with a short summary.
II. DEFINING F π IN THE ABSENCE OF BACKGROUND MATTER.

TWO-POINT FUNCTIONS TECHNIQUE
The pion weak decay constant is introduced through the matrix element of the weak axial current J a µ,5 =qγ µ γ 5 τ a 2 q between the pion and the hadronic vacuum state, where q denotes the isospin quark doublet. According to [11] the quantity f π can also be introduced via the axial-current-pseudoscalar (AP) two-point function T AP µ :
where k µ is the pion four-momentum. In the k 0 → 0, k = 0 limit its divergence reads
Here Q 
and the closely related Gell-Mann-Oakes-Renner (GOR) correlator [12] 
The l.h.s. of Eq. (4) can furthermore be evaluated [12] to give 1 2 (m u + m d ) 0|ūu+dd|0 . As a result f π can be now extracted from
where we used the approximation 0|ūu|0 = 0|dd|0 ≡ 0|qq|0 . Eqs. (2), (3), and (4) define the vacuum f π in terms of different two-point functions at tree-level order. As we will see in the next section, this is not possible in the case of matter at finite densities, as the various correlation functions will acquire different in-medium dependences.
III. IN-MEDIUM TWO-POINT FUNCTIONS FOR THE PION WEAK DECAY
CONSTANT FROM THE GENERATING FUNCTIONAL OF χPT IN THE
MEAN-FIELD APPROXIMATION
The generating functional of χPT is written as usual according to
where N is an overall normalisation constant, U, N andN are dummy boson and fermion fields and the effective lagrangian L eff depends on possible external sources, s, p, v µ , a µ , η,η.
Our goal now is to calculate the in-medium renormalization of the two-point functions (2),
, and (4) defined in the previous section. We start with the effective chiral pion-nucleon lagrangian to order O(Q 2 ) in the heavy baryon limit [9, 10] . This lagrangian is relevant for the isoscalar low-energy πN scattering (see Refs. [14, 7, 8] for more details)
Here, v µ is the 4-velocity of the nucleon (N) in the heavy baryon limit and π a stands for the pion field at zero matter density. The pseudoscalar source has been rescaled to 
where
Within this χPT scheme, the calculation of the in-medium two-point functions is now a well-defined procedure, since the Green's functions are obtained by taking functional derivatives of the corresponding generating functional Z MF [s, p, v, a; ρ] with respect to the sources:
The latter correlation function is associated with the pion propagator. In Refs. [8, 15, 13] different aspects of its in-medium version were considered and the following expressions were reported at the tree-level order
Here G π is the overlap of the pseudoscalar density P a ≡qiγ 5 τ a q between the vacuum and the pion state:
The pion field corresponding to the propagator in Eq. (12) Migdal field [16, 13] (denoted by π a ) corresponds to the case when the inverse propagator has the form k 2 − m 2 π − Π(k 0 , k ) with Π(k 0 , k ) standing for the pion self energy. Explicit expressions for Π(k 0 , k) can be found in Ref. [13] . The quasi-pion and the Migdal field are related to the bare pion field by
respectively. Note that m * π 2 from Eq. (12) corresponds to the pole of the in-medium pion propagator with respect to a purely timelike pion momentum. At normal nuclear matter density (ρ 0 = 0.17 fm −3 ) m * π 2 almost equals the free pion mass m 2 π . If we had considered a purely spacelike pion momentum there, the corresponding mass-pole would be placed at
The difference in the absolute values of the timelike and spacelike mass-poles of the in- } representation of the Lorentz group, but decompose after its contraction to the Galilei group into charge and current parts [16] . The timelike in-medium AP -correlator evaluated along the χPT line [15, 13] at the tree-level order is
Note that we use here the axial-current-pseudoscalar two-point function of χP T which is formulated in terms of the pseudoscalar density P a , because it is this quantity that couples directly to the external pseudoscalar source p a [2] . Thus, even in the normal vacuum, this correlator is multiplied by a factor G π relative to the one of Eq. (1) which is just expressed in terms of the pion field π a instead. Taking this factor into account, the comparision of (15) and (1) shows that the in-medium pion weak decay constant associated with T AP µ is now given by
This exactly reproduces the in-medium expectation value of the σ field in Walecka-type models, as it should, since Walecka type models have their roots in the linear σ model.
Finally, the in-medium T AA 00 is evaluated as [8] 
From that, in combination with Eq. (5) and the in-medium version of (4), the in-medium GOR relation becomes [13] 
In fact, the in-medium pion decay constant f (t) π associated with the GOR relation is independent of the choice for the in-medium pion field [8] . On the other hand, the in-medium weak pion decay constants entering the time/space like matrix elements between the pion and the dense vacuum states (which describe in-medium S-and P -wave pion weak decays, respectively) depend on this choice. They can be directly read off from the kinetic part of the mean-field lagrangian in Eq. (8), more precisely, from the coupling of the external axial vector source a a µ to the axial vector current expressed by the derivative of the in-medium pion. Depending on the choice for the pion field (quasi-pion or Migdal's), the following expressions hold at normal nuclear matter density ρ 0 to tree-level order:
These equations reveal the fundamental difference between f AP π , on the one side, and f should be viewed as an unphysical quantity.
IV. DENSITY DEPENDENCE OF THE INDUCED PSEUDOSCALAR COUPLING AND THE AMPLITUDE OF THE TWO-BODY AXIAL CHARGE DENSITY
The in-medium renormalized pion weak decay constants calculated above enter various nuclear physics observables and can in principal be extracted from nuclear physics measurements. As a first example we consider here the in-medium renormalization of the induced pseudoscalar coupling strength
where m µ stands for the muon mass and g πN N denotes the pseudoscalar pion nucleon coupling constant.
A systematical evaluation of g p (k 2 ) at finite nuclear matter density would require knowledge of the in-medium behavior of the strong pion-nucleon vertex. As long as at that stage such knowledge is still absent, we will exploit here QCD sum rules to argue that the ρ dependence of g πN N can be ignored for the time being. To get the dependence of g πN N on 0|qq|0 in the vacuum, we use the estimates from QCD sum rules as evaluated in Refs. [17] , [18] :
In fact, for 0|qq|0 = − 1.48 fm −3 , the estimates given in Eq. (22) are easily verified to be in good agreement with the corresponding experimental values. These estimates basically imply that the quark condensate is in the vacuum the only parameter setting the mass scale in the relevant QCD sum rules. In particular, the QCD sum rule for f 2 π obtained from the correlator of two axial currents [19] (see also [20] ) is dominated by the quark condensate and, hence, f resulting from the Goldberger-Treiman relation, where g A denotes the isovector weak axial nucleon coupling. In doing so one obtains the remarkable relation
Because of that the in-medium change of the induced pseudoscalar coupling will be subsequently ascribed exclusively to the renormalisation of f π as well as of the pion propagator.
Eqs. (19) and (20) show that it is important to consider the correct combination of the weak pion decay constant and the pion propagator. In other words, Migdal's propagator has to be combined in turn with f P π or f S π to obtain the induced pseudoscalar couplings corresponding to a P-wave ( g
, and an S-wave (g
respectively. In doing so, g
The coefficients in front of k 2 0 , k 2 , and m 2 π have been determined in [13] . They read:
If the the quasi-pion propagator is used instead of Migdal's propagator, f 
with γ(ρ) being defined in Eq. (12) . With that, the ratio g
Within this scheme the g
Numerical evaluation of Eqs. (27) and (28) for the case of, say, radiative muon capture on 40 Ca with |k 0 | = 0.8m µ , | k| = 0.2m µ , and ρ = 0.8ρ 0 , leads to the renormalizations
≈ 0.73, and [21] , [22] . Note, that our prediction for the density dependence of the induced pseudoscalar coupling of a P -wave in-medium pion is less reliable than that for g
, because of a large uncertainty in the value of the parameter c 3 (see [14] for a discussion) that controls the in-medium behavior of f Let us consider as a second example the amplitude of the two-body (2b) axial charge operator
Here, Y 1 (x) denotes the first order Yukawa function,
). An appealing possibility to calculate C ρ MEC for ρ = 0 is to combine our χPT results on the in-medium weak pion decay coupling constants with the vacuum predictions of the QCD sum rules and to assume that the ρ-dependence of C ρ MEC is generated by the change of the quark condensate value in the nuclear medium under the constraint of the in-medium GOR relation. In making use of Eq. (22) and the vacuum GOR relation (4), which according to Ref. [19] is completely consistent with the QCD sum rule approach, one finds the following expression for C ρ=0 MEC :
Here, we have ignored the quark condensate dependence of g A . Indeed, according to the QCD sum rule for g A reported in Ref. [23] it is only the small deviation of g A from unity that depends on the quark condensate in accordance with
Furthermore, our assumption is that C ρ MEC in nuclear matter follows from this vacuum relation, if the vacuum value of the quark condensate is replaced by its in-medium value in accordance with Eq. (18) . We thus obtain the ratio
The result in Eq. (32) shows that the 40% enhancement of C ρ MEC (needed to explain the acceleration of isovector first-forbidden weak decays in the lead region [24] ) is not completely exhausted by renormalization effects due to the presence of background matter. There is still room left for contributions of short range heavy meson exchanges to the two-body axial charge operator, in line with the suggestions considered in [25] and [26] .
V. SUMMARY
In calculating in-medium properties of pion weak decay within the framework of χPT in the mean field approximation and the heavy baryon limit, we demonstrated a violation of Poincaré invariance in the presence of background matter. This fact manifests itself in the splitting of both f π and the pion mass (considered as a pole of the in-medium pion propagator) into uncorrelated timelike and spacelike parts. A further need for distinguishing between timelike and spacelike pion weak decay matrix elements emerges in case of nuclear matter at finite temperature, an observation reported in Ref. [27] . We furthermore revealed the unphysial nature of the in-medium expectation value of the σ field associated with the pion weak decay constant in hadrodynamical models of Walecka-type. This contrasts the model independent quantity f (t)
π that determines the in-medium weak decay matrix element of an S-wave quasi-pion and enters the GOR relation. We further investigated the in-medium timelike and spacelike induced pseudoscalar couplings g To close, we wish to stress once more that the concept of in-medium χPT represents a mathematically well defined scheme which allows a consistent evaluation of various hadron couplings measured in nuclear physics processes.
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